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We study non-equilibrium current uctuations through a quantum dot, which includes a fer-
romagnetic Hund's rule coupling, in the low-energy Fermi liquid regime using the renormalized
perturbation theory. The resulting cumulant for the current distribution in the particle-hole sym-
metric case, shows that spin-triplet and Kondo-spin-singlet pairs of quasiparticles are formed in the
current due to the Hund's rule coupling and these pairs enhance the current uctuations. In the
fully screened higher-spin Kondo limit, the Fano factor takes a value Fb = (9M + 6)=(5M + 4)
determined by the orbital degeneracy M . We also investigate crossover between the small and large
J limits in the two-orbital case M = 2, using the numerical renormalization group approach.
PACS numbers: 71.10.Ay, 71.27.+a, 72.15.Qm
The experimental study of electron transport in meso-
scopic devices, subject applied bias voltages, has pro-
vided a new way of investigating inter-electron many-
body eects [1{3]. For example, the theoretical predic-
tion, that the Kondo correlation on the non-equilibrium
currents through quantum dots leads to an enhancement
of the shot noise in these systems [4{7], has stimulated
subsequent experiments [8{10].
A deeper understanding of non-equilibrium transport
in these systems can be obtained from the calculation
of the current distribution function, the higher order cu-
mulants beyond averaged current, and the noise power.
These can be calculated from the cumulant generat-
ing function (CGF) for non-equilibrium transport. This
quantity, however, is dicult to calculate when many-
body eects have to be taken into account. A recent de-
velopment has been the calculation of the current proba-
bility distribution for quantum dot in the Kondo regime
[11{13] using the general formulation of the full count-
ing statistics (FCS) [14]. It was shown that quasiparticle
singlet-pairs carry a charge 2e in the backscattering cur-
rent due to the Kondo correlation and that these enhance
the non-equilibrium current uctuations.
In this letter, we investigate the FCS for an orbital-
degenerate impurity Anderson model as a prototype
model to examine the eects of both the Hund's rule
and Kondo correlations, and hence to deduce the time-
averaged current and shot noise. These have been ex-
perimentally investigated in vertical dots, carbon nan-
otubes, and double dots [9, 15, 16]. Using the renor-
malized perturbation theory (RPT) [17], we calculate
the zero-temperature CGF up to third order in applied
bias voltage, for arbitrary strength of the interactions at
the dot-site in the low-energy Fermi-liquid regime. We
show that the Hund's rule correlation gives rise to spin-
triplet pairs and spin-singlet pairs of quasiparticles car-
rying charge 2e in the non-equilibrium current, which
characterize the shot noise and higher order cumulants
at low energies.
Model. Let us consider transport through a correlated
dot described by an orbital-degenerate impurity Ander-
son model HA = H0 +HT +HI with
H0 =
X
km
"kc
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kmck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X
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Here, dm annihilates an electron in the dot level d
with orbital m = 1; 2;    ;M and spin , and ckm
annihilates a conduction electron with moment k, or-
bital m and spin  in lead  = L;R. Interactions U ,
W (0  W  U), and J( 0) are the intra- and inter-
orbital Coulomb repulsion, and Hund's rule coupling, re-
spectively. ndm is number of electron in the dot level
with orbital m and spin , and Sdm is the spin opera-
tor of electrons in orbital m of the dot. The intrinsic
level width of the dot levels owing to tunnel coupling
v is given by   =
P
 cv
2
 with the density of state
of the conduction electrons c. For simplicity, the sym-
metric lead-dot coupling vL = vR and the particle-hole
symmetry d =  U=2   (M   1)W are assumed. The
chemical potentials of the leads L=R = V=2, satisfying
L   R = V (> 0), are measured relative to the Fermi
level dened at zero voltage V = 0. We take units with
h = kB = e = 1 throughout this letter.
Full counting statistics. The probability distribution
P (q) of the transferred charge q across the dot during a
time interval T can provide the current correlation func-
tions to all orders. In order to treat them systemati-
2cally, we calculate the CGF ln () = ln
P
q e
iqP (q)
in the Keldysh formulation [18]: ln () = ln


TCS

C

where SC = TC exp
 i R
C
dt
HT (t) +HI(t)	 is the
time evolution operator for an extended Hamiltonian
HA = H0 + HT + HI , C is the Keldysh contour along
[t :  T =2! +T =2!  T =2], TC is the contour-ordering
operator, and  is the counting eld. Here, HT is given
by
HT =
X
km
h
vLe
i(t)=2dymckLm + vRd
y
mckRm +H.c.
i
;(4)
with the contour-dependent counting-eld dened by
(t)   =  for the forward and backward paths
labeled by \ " and \+", respectively.
To calculate the CGF, we use Komnik and Gogolin's
procedure [19] outlined below. First, a more general func-
tion ( ; +) is introduced. It is basically given by
ln


TCS

C

but  is formally treated as an independent
variable assigned for each contour. For the long time
limit T ! 1 where the switching eect is negligible,
the general CGF is proportional to T . Then, the deriva-
tive of the CGF with respect to   is given in terms of
Green's functions as [19]
d
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with       +. g0 +k (!) = i2(!   "k)f(!)
and g0+ k (!) =  i2(!   "k)[1  f(!)] are the lesser
and greater parts of the Green's function for electrons in
lead , respectively, with the fermi distribution function
f(!) = [e
(! )=T + 1] 1. For the long time limit T !
1, the dot Green's function is dened as G 0d (!) =
 i R d(t t0)ei!(t t0)hTCdm(t)dym(t00)i ;+ .  and 0
are the labels for the two Keldysh contours. Here, we use
a notation hA(t)i ;+ 


TCS

CA(t)
 
( ; +) which
represents an expectation for Hamiltonian HA. Once
ln( ; +) is computed, the statistics is recovered from
ln() = ln(; ).
Renormalized perturbation theory. To calculate the
low-energy Green's function, we use the RPT outlined
below [17, 20]. The basic parameters that specify the
impurity Anderson model HA are d,  , U , W , and J .
The low-energy properties can be characterized by the
quasiparticles with the renormalized parameters: dot-
level ed = z [d +rd(0)], level width e  = z , and in-
teractions ~U; ~W and ~J dened by
z2 m11;m22m33;m44(0; 0; 0; 0)
=
heU + eJ m1m2 + fW   eJ=2  1  m1m2 i
  m1m4 m2m3 14 23   m1m3 m2m4 13 24 
  eJ  m1m3 m2m4 14 23   m1m4 m2m3 13 24  (6)
with the Kronecker delta mm0 . Here 
r
d(!) is the self-
energy of the retarded Green's function for the dot
state Grd(!) = [!   d + i    rd(!)] 1, z = [1  
@rd(!)=@!j!=0] 1 is the wave function renormalization
factor, and  m11;m22m33;m44(!1; !2; !3; !4) is the local full
four-vertex for the scattering of the electrons. Note that
these parameters are dened at equilibrium V = 0 and
 = 0. The replacement of the bare parameters with the
renormalized ones gives the leading terms of an eective
Hamiltonian corresponding to the low-energy xed point
of the numerical renormalization group (NRG). The per-
turbation theory in powers of U;W and J can be reor-
ganized as an expansion with respect to the renormal-
ized interactions eU;fW and eJ taking the free quasipar-
ticle Green's function egrd(!) = (!   ed + ie ) 1 as the
zero-order propagator. This procedure has enabled one
to calculate the exact form of the Green's function in
the absence of the counting elds Gd(!)

=0
at low en-
ergies up to terms of order !2, V 2, and T 2 [3]. The
renormalized parameters can be explicitly related to the
enhancement factors of spin, orbital and charge sus-
ceptibilities, zes = 1 + ed(0) heU   (M   1) eJi ; zeorb =
1+ ed(0) h2fW   eUi ; zec = 1  ed(0) heU + 2(M   1)fWi ;
and the Friedel sum rule hndmi = cot 1
ed=e  with
the renormalized density of state ed(!) = (e =)=[(!  ed)2 + e 2]. e  is considered as the Kondo temperature
TK = e =4. In particular, in the particle-hole symmet-
ric case, the renormalized dot level is ~d = 0. These
relations enable one to deduce the value of renormalized
parameters in some special limits. We can also evaluate
the renormalized parameters for dots with two orbitals
(M = 2) with the NRG approach [20].
Let us now apply the RPT to the calculation of the dot
Green's function Gd(!) given by the Dyson equation
Gd(!) = z
eGd(!) = z hegd (!) 1   ed(!)i 1 : (7)
The zero-order part is given by [21]
eg  d (!) = h!   ie  + ie Pl fli.D;
eg +d (!) = hie ei=2fL + ie fRi.D;
eg+ d (!) =   hie e i=2 (1  fL) + ie  (1  fR)i.D;
eg++d (!) = h !   ie  + ie Pl fli.D; (8)
with D = !2 + e 2 + e 2 ei=2   1 (1  fR) fL . The
renormalized self-energy at T = 0 up to !2; !V and V 2
can be calculated in the second order perturbation in the
three renormalized interactions is
ed(!) =  i
8e  eI

A(!; V ) B(!; V )
 B( !; V ) A(!; V )

; (9)
3with
A(!; V ) = [a (!; 3V=2) + 3 a (!; V=2)
+ 3 a (!; V=2) + a (!; 3V=2)] ; (10)
B(!; V ) =
h
e i=2b (!; 3V=2) + 3b (!; V=2)
+3ei
=2b (!; V=2) + eib (!; 3V=2)
i
;(11)eI = ~u2 + 2(M   1)   ~w2 + 3~j2=4 (12)
Here, a(!; x) =  12 (!   x)2sgn( ! + x), b(!; x) = (!  
x)2( ! + x), and ~u  eU=(e ); ~w  fW=(e ) and ~j eJ=(e ). For  = 0, it corresponds to an extension of Ref.
3 to the orbital-degenerate Anderson model.
Results and discussion. Integrating Eq. (5) respect
with  , the CGF is calculated at T = 0 up to V
3,
as ln() = F0 + F1 + F2 with
F0 = 2MT
2
Z V=2
 V=2
d! ln

1 + T (!)
 
ei   1 ; (13)
F1 = T Pb1
 
e i   1 ; F2 = T Pb2  e i2   1 :(14)
Here, F0 describes free-quasiparticle tunneling via the
renormalized level with transmission probability T (!) =e 2=(!2 + e 2), which carries single charge e. F1 and F2
represent the scattering process due to the residual inter-
actions eU;fW and eJ . From the coecient of the count-
ing eld in F1 and F2, it is clear that Pb1 = M12 ~I V
3e 2
and Pb2 =
M
6
~I V 3e 2 are the probability of the single-
and paired-quasiparticle backscattering processes carry-
ing charge e and 2e, respectively. Then, the nth-order
cumulant Cn = ( i)n d
n
dn ln() is readily derived as
Cn = T [Iu1n + ( 1)n(Pb0 + Pb1 + 2nPb2)] ; (15)
where Iu = 2MV=(2) is the linear-response current, and
Pb0 =
M
12
V 3e 2 represents the probability of the single-
quasiparticle backscattering processes due to the renor-
malized revel. Especially, the factor 2n characterizing
cumulant of interacting electrons (15) indicates existence
of spin- or orbital-singlet and spin-triplet pairs of quasi-
particles in the current. The cumulant for the SU(2M)
case where U =W and J = 0 was previously obtained in
a similar form [11{13]. In the present result, the Hund's
coupling enters through the Pb1 and Pb2 as well as the
Kondo energy scale ~ . It gives rise to not only the spin
triplet pairs in current but also varies the couplings of the
spin sector ~u and the orbital sector ~w in the Kondo cor-
relation, which causes the crossover seen in the current
uctuation as discussed below.
In the series of cumulant Cn, the rst two coecients
C1 and C2 give time-averaged current I = C1=T and shot
noise S = 2C2=T , respectively. The higher order ones,
Cn for n  3, are determined by these two, and are auto-
matically generated by Eq. (15). To investigate current
uctuation, we consider the Fano factor of the shot noise
for the backscattering current Ib  Iu   I,
Fb  S=(2Ib) =

1 + 9eI.1 + 5eI : (16)
We rst discuss the weak coupling limit u;w; jjj 
1, where the renormalized parameters can be re-
placed as (eu; ew;ej) ! (u;w; j) and z ! 1   
3  142
 
u2 + 2(M   1)  w2 + 3j2=4 with scaled in-
teractions u  U=( ); w  W=( ), and j  J=( ).
Substituting these into Eq. (16), the result for the second
order perturbation in the bare interactions is produced.
In particular, the Fano factor for non-interacting limit
u = w = j = 0 naturally becomes unity which represents
single charge transport given by Eq. (13).
In the large Hund's coupling limit jjj  1, the dot
state is restricted to the highest spin state, for which we
obtain the Kondo coupling HK from the Anderson model
HA in the form
HK = JK
X
kk00m
cykm0ck0m0  Sd (17)
with JK = 4(v
2
L + v
2
R) [U   (M   1)J ] 1, the Pauli ma-
trix 0 , ckm =
P
 ckm=
p
2, and the S =M=2 spin
operator for the dot-site Sd. Namely, the fully screened
Kondo eect for higher spin S = M=2 ( 1) occures.
The Wilson ratio R  zes for this Kondo model can be
deduced exactly in the form R = 2(M + 2)=3, following
Yoshimori [20, 22]. In addition, the charge and orbital
uctuations are suppressed ec ! 0 and eorb ! 0 in the
limit j !  1. Therefore, the renormalized parameters
take the value (eu; ew;ej) ! (1; 0; 2=3). Then, through
Eq. (16), we nd the Fano factor in this limit,
Fb ! 9M + 6
5M + 4
=
9S + 3
5S + 2
: (18)
Furthermore, the m1m2 -dependence seen in Eq. (6) van-
ishes owing to the restored rotational-symmetry in the
orbital sector, and we nd the vertex function of the
Kondo model (17),
z2 m11;m22m33;m44(0; 0; 0; 0)
! 4TK
3
 
m1m4 
m2
m3 
1
4 
2
3   m1m3 m2m4 13 24

+2
 
m1m3 
m2
m4 
1
4 
2
3   m1m4 m2m3 13 24

: (19)
The explicit values of the Fano factor in this limit for sev-
eral M are shown in the TABLE I. For comparison, the
Fano factor in the SU(2M) Kondo limit u = w !1; j =
0, Fb ! (M+4)=(M+2) [6, 13], are also shown in the TA-
BLE I. Increasing orbital degeneracy M in the SU(2M)
Kondo limit, the system approaches the mean eld limit
Fb ! 1 [13]. In contrast, for large jjj, the renormal-
ized interactions ~u; ~w and ~j converge to the values inde-
pendent of orbital degeneracy M . As M increases, the
number of coupled orbitals with the Hund's coupling J
4TABLE I. The Fano factor Fb = C2=Ib in (a) the large Hund's
coupling j !  1 or the S = M=2 Kondo limit, and (b) the
SU(2M) Kondo limit u = w !1; j = 0.
M 1 2 3 4 !1
(a) S =M=2 Kondo 12/7 33/19 7/4 ! 9=5
(b) SU(2M) Kondo 5/3 3/2 7/5 4/3 ! 1
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j
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w
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(3/2) j~ 
Γ
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(a)
(b) u=w=3
(c) u=w=0
FIG. 1. (Color online) (a) The Fano factor for several choices
of Coulomb repulsion u = w as a function of scaled Hund's
coupling j. (b) The renormalized parameters for u = w = 3
and (c) u = w = 0, as a function of j.
increases. It results an enhancement of the spin uctua-
tion, as seen in the expression of zes or the interaction
factor of the self-energy given in Eq. (12). Therefore, we
conclude that the Fano factor increases with M , through
the enhancement of the quasiparticle-pair scatterings due
to the residual Hund's coupling ~j.
Evaluating the renormalized parameters with the NRG
approach, we investigate J-dependent crossover of the
Fano factor for two orbital case (M = 2). The Fano
factor for u = w and u = 3 > w as a function of
Hund's coupling j are shown in Fig. 1(a) and Fig. 2(a),
respectively. The crossover is observed in the Fano factor
around the coupling corresponding to the Kondo temper-
ature jjj  tK  e =(4 ). At large jjj, the Fano factor
for any u  w converges to a value 12/7 given by Eq.
(18), as discussed above. However, at small jjj, the val-
ues of the Fano factor depends on Coulomb repulsions
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F b
j
u=3.0,w=0
u=3.0,w=2.0
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Γ
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(a) (b) u=3,w=0
FIG. 2. (Color online) (a) The Fano factor for several
Coulomb interaction w( u = 3) as a function of scaled
Hund's coupling j. (b) The renormalized parameters for
(u;w) = (3; 0) as a function of j.
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FIG. 3. (Color online) (a)The Fano factor and (b) the renor-
malized level width for no Hund's coupling j = 0 and sev-
eral intra-orbital Coulomb replusion u, as a function of inter-
orbital Coulomb replusion w( u).
u and w. The Fano factor and the renormalized level-
width (or the Kondo temperature) at j = 0 for several
intra-orbital Coulomb interaction u as a function of inter-
orbital Coulomb interaction w are shown in Fig. 3 (a) and
(b), respectively. With increase of inter-orbital Coulomb
repulsion w, the Fano factor varies from the SU(2) value
to the SU(4) value around (u  w)  tK .
The crossover seen in the Fano factor is a consequence
of the behavior of the renormalized parameters, which
enter through Eq. (16). Thus, the feature discussed above
is also seen in the renormalized parameters, which for
(u;w) = (3; 3); (0; 0) and (3; 0) are shown in Figs. 1 (b)
and (c), and Fig. 2 (b), respectively, as a function of j.
Particularly, in Fig. 1 (b), we see a general trend that
the spin coupling of the Kondo correlation eu increases,
whereas the orbital coupling ew decreases, with increase
of the ferromagnetic coupling  j. These renormalized
parameters converge to the value (~u; ~w; ~j) = (1; 0; 2=3)
in the large Hund's coupling limit. Even for (u;w) =
(0; 0), the Hund's coupling enhances the spin coupling ~u
as shown in Fig. 1(c).
Summary. We have studied the role of the ferromag-
netic Hund's rule coupling on the FCS for the orbital-
degenerate Anderson impurity in the particle-hole sym-
metric case. Using the RPT, we have derived the CGF
for non-equilibrium-current distribution. The result is
asymptotically exact at low energies, and is described by
the quasiparticles of the local Fermi liquid. Specically,
the explicit expression of the Fano factor for the shot
noise is obtained in the fully screened higher-spin Kondo
limit, which depends only on the orbital degeneracy M .
We have also investigated the crossover between the large
and small Hund's coupling limits in the two-orbital case
(M = 2), using the NRG approach. Furthermore, the
CGF indicates that the Hund's coupling gives rise to sin-
glet and triplet pairs of quasiparticles carrying charge 2e
in the backscattering current and these correlated charges
characterize current uctuation through the dot.
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